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RELATION BETWEEN THE ASYMMETRY OF THE ELUTION CURVE 

AND THE EFFICIENCY OF THE SEPARATION SYSTEM I N  SIZE 

EXCLUSION CHROMATOGRAPHY 

J o s e f  JanEa 

I n s t i t u t e  of  A n a l y t i c a l  C h e m i s t r y  

C z e c h o s l o v a k  Academy o f  S c i e n c e s  

6 1 1  42 B r n o ,  C z e c h o s l o v a k i a  

ABSTRACT 

The shape o f  t h e  e l u t i o n  c u r v e  p r o v i d e s  i n f o r m a -  
t i o n  on d i f f e r e n t  p r o c e s s e s  c o n t r i b u t i n g  t o  s e p a r a t i o n  
and d i s p e r s i o n .  T h i s  i n f o r m a t i o n  a l s o  i n c l u d e s  t h e  
r e l a t i o n  t o w a r d s  t h e  c o n c e n t r a t i o n  p r o f i l e  i n  t h e  
c h r o m a t o g r a p h i c  co lumn.  I f ,  e.g., t h e  c o n c e n t r a t i o n  
p r o f i l e  i s  s y m m e t r i c a l ,  t h e  r e s u l t i n g  t a i l i n g  of t h e  
e l u t i o n  c u r v e  i s  caused b y  t h e  passage o f  t h e  chroma- 
t o g r a p h i c  p r o f i l e  t h r o u g h  t h e  co lumn end w i t h  c o n t i n -  
u i n g  zone b r o a d e n i n g .  The t a i l i n g  w i l l  be t h e  more 
marked t h e  l o w e r  w i l l  be t h e  e f f i c i e n c y  o f  t h e  c h r o -  
m a t o g r a p h i c  co lumn.  A q u a n t i t a t i v e  d e s c r i p t i o n  o f  t h e  
shape of t h e  e l u t i o n  c u r v e  b y  means o f  t h e  d e f i n e d  
p a r a m e t e r s  o f  asymmetry  and  e f f i c i e n c y ,  based on 
s t a t i s t i c a l  moments, made i t  p o s s i b l e  t o  o b t a i n  v e r y  
s i m p l e  r e l a t i o n s h i p s  be tween  t h e  e f f i c i e n c y  of t h e  
c h r o m a t o g r a p h i c  co lumn a n d  t h e  asymmetry  of t h e  
e l u t i o n  c u r v e .  I n  a d d i t i o n ,  t h e  asymmetry  o f  t h e  
e l u t i o n  c u r v e  was e v a l u a t e d  b y  s l o p e  a n a l y s i s ,  w h i c h  
can  be l e s s  c o m p l i c a t e d  f o r  p r a c t i c a l  a p p l i c a t i o n  
t h a n  t h e  e v a l u a t i o n  w i t h  t h e  a i d  o f  s t a t i s t i c a l  
moments, and w h i c h  a l s o  p e r m i t s  a g r a p h i c a l  e v a l u -  
a t i o n  o f  a n  e x p e r i m e n t a l  chromatogram. I t  was f o u n d  
t h a t  a n  o b j e c t i v e  and r e g u l a r  r e l a t i o n s h i p  e x i s t s  
be tween  t h e  asymmetry  p a r a m e t e r s  d e f i n e d  o n  t h e  b a s i s  
o f  s t a t i s t i c a l  moments and  t h o s e  d e f i n e d  on t h e  b a s i s  
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of t h e  t a n g e n t  s l o p e s  a t  t h e  p o i n t  of i n f l e x i o n  of t h e  
e l u t i o n  c u r v e .  The d e f i n e d  p a r a m e t e r s  a r e  recommended 
f o r  an  o b j e c t i v e  e v a l u a t i o n  of t h e  s h a p e s  of e l u t i o n  
c u r v e s  i n s t e a d  of d i v e r s e ,  e n t i r e l y  e m p i r i c a l  parame- 
t e r s ,  d e s c r i b e d  i n  l i t e r a t u r e  w i t h o u t  p h y s i c a l  b a s i s .  
The r e s u l t s  o b t a i n e d  a r e  r e l e v a n t  p a r t i c u l a r l y  i n  
t h o s e  i n s t a n c e s  when t h e  e f f i c i e n c y  of t h e  s e p a r a t i o n  
sys tem f o r  a g i v e n  s o l u t e  i s  r e l a t i v e l y  l o w ,  such  a s ,  
e . g . ,  i n  s i z e  e x c l u s i o n  chromatography of macromole- 
c u l e s .  

I N T R O D U C T I O N  

Var ious  t h e o r e t i c a l  models  d e s c r i b i n g  chromato-  

g r a p h i c  p r o c e s s e s  p r e d i c t  a lmos t  Gauss i an  e l u t i o n  
c u r v e  i n  t h e  l i m i t  of i n f i n i t e  e l u t i o n  t ime  (1).  

A r eco rd  of t h e  r e sponse  of a d i f f e r e n t i a l  d e t e c t o r  
a t  t h e  end of ch romatograph ic  columns ( i . e . ,  i n  a 
f i x e d  l e n g t h  c o o r d i n a t e  of t h e  l o n g i t u d i n a l  a x i s  o f  

o f  chromatograph ic  column o r  of t h e i r  s y s t e m )  t o  an  
e l u t i n g  s o l u t e  a s  a f u n c t i o n  of t h e  t ime ( o r  o f  t h e  
volume of t h e  mob i l e  phase  pas sed  t h r o u g h )  i s  c a l l e d  
t h e  e l u t i o n  c u r v e .  The l i m i t i n g  c o n d i t i o n  of t h e  
i n f i n i t e  e l u t i o n  time is  a s i m p l i f y i n g  a s s u m p t i o n  
which makes i t  p o s s i b l e  t o  a p p r o x i m a t e  t h e  r e s u l t i n g  
e l u t i o n  cu rve  by t h e  Gauss i an  f u n c t i o n .  T a y l o r  ( 2 )  

d e r i v e d  m a t h e m a t i c a l l y  and proved e x p e r i m e n t a l l y  
t h a t  i f  a s o l u b l e  low-molecular -weight  s u b s t a n c e  i s  
i n t r o d u c e d  i n t o  a s o l v e n t  f l o w i n g  s l o w l y  i n  a t u b e  
of a s m a l l  d i a m e t e r  ( i n  a c a p i l l a r y ) ,  a lmos t  a 
Gauss ian  c o n c e n t r a t i o n  p r o f i l e  o r i g i n a t e s  i n  t h e  
l i m i t  of i n f i n i t e  t ime i n  t h e  d i r e c t i o n  of t h e  
l o n g i t u d i n a l  a x i s .  T h i s  i s  a consequence  o f  combined 
i n f l u e n c e s  of m o l e c u l a r  d i f f u s i o n  and v a r i a t i o n  i n  
t h e  v e l o c i t y  a c r o s s  t h e  c a p i l l a r y  c r o s s - s e c t i o n .  
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ASYMMETRY OF THE ELUTION CURVE 1607 

The c o n c e n t r a t i o n  d i s t r i b u t i o n  a l o n g  t h e  l o n g i t u d i n a l  
a x i s  of t h e  c a p i l l a r y  o r  t h e  c h r o m a t o g r a p h i c  column 
a t  a g iven  f i x e d  t ime o r  t owards  a g i v e n  f i x e d  
e l u t i o n  volume i s  c a l l e d  t h e  c o n c e n t r a t i o n  p r o f i l e .  
I f  t h e  c o n c e n t r a t i o n  p r o f i l e  of a s i m p l e  monod i spe r se  
s o l u t e  i s  s y m m e t r i c a l ,  t h e  r e s u l t i n g  t a i l i n g  of t h e  
e l u t i o n  c u r v e  o r i g i n a t e s  due t o  t h e  p a s s a g e  o f  t h i s  
s y m m e t r i c a l  c o n c e n t r a t i o n  p r o f i l e  t h r o u g h  t h e  column 
end ( d e t e c t o r )  w h i l e  zone b r o a d e n i n g  c o n t i n u e s .  
Whereas  a g i v e n  p o i n t  of t h e  zone  h a s  a l r e a d y  been  
d e t e c t e d ,  t h e  p a r t  of t h e  zone f o l l o w i n g  t h i s  p o i n t  
i n  t ime  development  s t i l l  moves i n  t h e  column and i s  
s u b j e c t e d  t o  a d d i t i o n a l  b r o a d e n i n g .  I n  o t h e r  words ,  
b r o a d e n i n g  of zone f r o n t  i s  l e s s  t h a n  t h a t  of zone  
b a c k ,  owing t o  a s h o r t e r  t ime f o r  which t h e  f r o n t  
i s  p r e s e n t  i n  t h e  column. The g r e a t e r  w i l l  be t h e  
s p r e a d i n g  of t h e  c o n c e n t r a t i o n  p r o f i l e  on i t s  

movement a l o n g  t h e  u n i t  l e n g t h  o f  t h e  column,  t h e  

more marked w i l l  be t h e  t a i l i n g  of t h e  e l u t i o n  c u r v e .  
Hence i t  i s  o b v i o u s  t h a t  t h e  c o n c e n t r a t i o n  p r o f i l e  
and t h e  e l u t i o n  c u r v e  a r e  i n  mutua l  r e l a t i o n s h i p  
( w i t h  r e s p e c t  t o  symmetry o r  asymmetry)  a s s o c i a t e d  
w i  t h t he e f f i c  i enc  y . 

The shape  of t h e  e l u t i o n  c u r v e  p r o v i d e s  
i n f o r m a t i o n  on d i f f e r e n t  p r o c e s s e s  c o n t r i b u t i n g  t o  
s e p a r a t i o n  and d i s p e r s i o n .  I n  a number of i n s t a n c e s ,  
i n f o r m a t i o n  of t h i s  Ikind i s  of h i g h  r e l e v a n c e .  The 
i n f o r m a t i o n  on molecu la r -we igh t  d i s t r i b u t i o n  of t h e  
polymer sample under  s t u d y  i s  encoded i n  t h e  s h a p e  
of t h e  e l u t i o n  c u r v e  i n  s i z e - e x c l u s i o n  chromatography 
(SEC)  of  po lymers .  I n  t h e  c a s e  o f  t h e  f l o w  i n  
c a p i l l a r y  s y s t e m s  ( 2 ) ,  i t  i s  t h e  i n f o r m a t i o n  on 
t h e  c h a r a c t e r  o f  t h e  c o n c e n t r a t i o n  p r o f i l e  on t h e  
b a s i s  of which i t  i s  p o s s i b l e  t o  e s t i m a t e  t h e  s h a p e  
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of t h e  v e l o c i t y  p r o f i l e  i n  t h e  c a p i l l a r y  o r  t h e  v a l u e  
of t h e  d i f f u s i o n  c o e f f i c i e n t .  A number of o t h e r  
p o s s i b l e  i n f o r m a t i v e  d a t a  p rov ided  by t h e  e l u t i o n  

c u r v e  were assumed by Grushka and coworke r s  ( 3 ) ,  

e . g . ,  t h e  i n f o r m a t i o n  on o v e r l a p  and c o n t a m i n a t i o n  
of t h e  e l u t i o n  c u r v e ,  on c o n d i t i o n s  i n  t h e  column e t c .  
I n  p r i n c i p l e  i t  i s  p o s s i b l e  t o  o b t a i n  some of t h e  
i n f o r m a t i o n  ment ioned  above  from t h e  shape  of t h e  

c o n c e n t r a t i o n  p r o f i l e ,  e . g . ,  by column s c a n n i n g  i n  
a g iven  r e l e v a n t  i n s t a n t .  T h i s  way of o b t a i n i n g  
i n f o r m a t i o n  i s ,  however ,  f a i r l y  c o m p l i c a t e d  a s  f a r  a s  
t h e  e x p e r i m e n t a l  equipment  i s  conce rned  and canno t  
be r e a l i z e d  under  any  a r b i t r a r y  c o n d i t i o n s .  

The e v a l u a t i o n  from t h e  e l u t i o n  c u r v e s  i s  e a s i e r .  
I t  i s ,  however ,  n e c e s s a r y  t h a t  i n t e r n a l  r e l a t i o n s h i p  

between t h e  s h a p e  of t h e  c o n c e n t r a t i o n  p r o f i l e  and 
t h e  shape  of t h e  e l u t i o n  c u r v e  s h o u l d  be Iknown. The 
p r e s e n t  work c o n t i n u e s  t h e  p r e v i o u s  s t u d y  on t h e  
r e l a t i o n s h i p  between t h e  e f f i c i e n c y  of t h e  chroma- 
t o g r a p h i c  column sys tem and t h e  asymmetry of t h e  
r e s u l t i n g  e l u t i o n  c u r v e s  ( 4 ) ,  g e n e r a l i z e s  t h e  
p r e c e d i n g  c o n c l u s i o n s  a n d ,  b e s i d e s  t h e  a n a l y s i s  by 
means of s t a t i s t i c a l  moments, u t i l i z e s  a l s o  t h e  
s l o p e  a n a l y s i s ,  which s i m p l i f i e s  t h e  e v a l u a t i o n  of 
e x p e r i m e n t a l  e l u t i o n  c u r v e s  asymmetry by a g r a p h i c a l  
method.  

Though t h e  d e r i v e d  r e l a t i o n s h i p s  a r e  v a l i d  f o r  
e l u t i o n  chromatography i n  g e n e r a l ,  t h e y  a r e  of 
p r a c t i c a l  impor t ance  o n l y  when mean o r  s m a l l  number 
of t h e o r e t i c a l  p l a t e s  i s  g e n e r a t e d  on t h e  p a s s a g e  
o f a  monodisperse  s o l u t e  th rough  a s e p a r a t i o n  s y s t e m ;  
i n  o t h e r  words ,  when t h e  e f f i c i e n c y  c h a r a c t e r i z e d  by 
t h e  number o f  t h e o r e t i c a l  p l a t e s  i s  r e l a t i v e l y  l o w  

f o r  a g iven  s o l u t e  a s  i n  SEC of po lymers .  
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T H E O R E T I C A L  CONSIDERATIONS 

S o l u t i o n  f o r  a Gauss i an  Model of t h e  C o n c e n t r a t i o n  

P r o f i l e  

I n  o r d e r  t o  make m a t h e m a t i c a l  o p e r a t i o n s  e a s i e r ,  
i t  i s  c o n v e n i e n t  t o  d e f i n e  t h e  f o l l o w i n g  d imens ion-  
l e s s  q u a n t i t i e s  

where x i s  a l o n g i t u d i n a l  c o o r d i n a t e  i n  t h e  d i r e c t i o n  
of t h e  ch romatograph ic  column,  1 i s  t h e  t o t a l  column 
l e n g t h  o r  t h e  c o o r d i n a t e  of t h e  d e t e c t o r  p o s i t i o n ,  

t and V a r e  t h e  t ime and t h e  e l u t i o n  volume 
c o o r d i n a t e s ,  tR and VR a r e  t h e  c o r r e s p o n d i n g  r e t e n t i o n  
t ime and volume,  r e s p .  A s s u m i n g  a Gauss i an  i n j e c t i o n  
f u n c t i o n  f o r  which i t  h o l d s  t h a t  5, + 
c o n c e n t r a t i o n  p r o f i l e  o r  t h e  e l u t i o n  c u r v e  can  be 
d e s c r i b e d  by t h e  f u n c t i o n  ( 4 )  

0 ,  t h e  

F ( L , T )  = ( l / ' w ) e x p  [ - ( L  - T)2/2T5:] ( 2 )  

where 5, i s  t h e  t o t a l  s t a n d a r d  d e v i a t i o n  of t h e  
c o n c e n t r a t i o n  p r o f i l e  p rov ided  t h a t  t h e  maximum 
l i e s  i n  t h e  c o o r d i n a t e  L = 1 ( x  = 1) .  T h e  concen-  
t r a t i o n  p r o f i l e  and t h e  e l u t i o n  c u r v e  were 
d e s c r i b e d  a n a l o g i c a l l y  i n  our  e a r l i e r  work ( 4 ) .  

F u n c t i o n  F ( 1 , T )  i s  t h e  e l u t i o n  c u r v e  whereas  
f u n c t i o n  F ( L , t )  i s  t h e  c o n c e n t r a t i o n  p r o f i l e  a t  
a g i v e n  t ime,  t = c o n s t .  

S t a t i s t i c a l  moments ( 5 )  can  c o n v e n i e n t l y  be 
used t o  d e s c r i b e  s h a p e s  o f  e l u t i o n  c u r v e s  
q u a n t i t a t i v e l y .  L e t  t h e  n - t h  s t a t i s t i c a l  moment 
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' o f  t h e  f u n c t i o n  F ( 1 , T )  i n  
/ un 

w i t h  r e s p e c t  t o  z e r o  
E q n .  2 ,  b e  d e f i n e d  by t h e  f o l l o w i n g  e q u a t i o n  

/Un ' = r T n  F ( 1 , T )  d T  ( 3 )  

0 
i s  d e f i n e d  by  t h e  / U n  t h e n  t h e  n - t h  c e n t r a l  m o m e n t ,  

r e l a  t i o n s h i p  
m 

/ u n  = I ( T  - F ( 1 , T )  d T  ( 4 )  

/uk  = 1 F ( 1 , T )  d T  = 1 ( 5 )  

0 
T h e  z e r o t h  s t a t i s t i c a l  moment  w i t h  r e s p e c t  t o  z e r o  
i s  e q u a l  t o  o n e  b y  d e f i n i t i o n  

m 

0 
T h e  f i r s t  s t a t i s t i c a l  moment  w i t h  r e s p e c t  t o  z e r o  

' o f  t h e  f u n c t i o n  F ( l , T ) ,  d e f i n e d  by  E q n .  2 ,  h a s ,  

a s  t h e  o n l y  o n e ,  a d i r e c t  a n d  s i m p l e  a n a l y t i c a l  
s o l u t i o n  ( 4 )  

/u; = 1 .t <; 
O f  i n t e r e s t  a r e  a l s o  t h e  s e c o n d  a n d  t h e  t h i r d  c e n t r a l  
m o m e n t s ,  / u 2  a n d  / u 3 ,  r e s p e c t i v e l y ,  w h i c h  c a n  b e  
d e s c r i b e d  b y  

0 
a n d  

m 
/u3 = I T 3 F ( 1 , T )  dT - 3 / u ; / u ,  - ( , , u i )  3 ( 8 )  

0 
P h y s i c a l  m e a n i n g  o f  t h e  a b o v e  m o m e n t s  i s  a s  f o l l o w s :  
t h e  f i r s t  s t a t i s t i c a l  moment  w i t h  r e s p e c t  t o  z e r o ,  
, u i ,  m e a n s  t h e  a v e r a g e  e l u t i o n  t ime o r  v o l u m e ,  t h e  

s e c o n d  c e n t r a l  m o m e n t ,  / u 2 ,  i s  e q u a l  t o  t h e  v a r i a t i o n  
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ASYMMETRY OF THE ELUTION CURVE 1611 

o f  t h e  e l u t i o n  c u r v e  ( i . e . ,  t o  t h e  second power o f  t h e  

s t a n d a r d  d e v i a t i o n )  and t h e  t h i r d  c e n t r a l  moment, / u 3 ,  

is a measure o f  t h e  e l u t i o n  c u r v e  asymmetry .  F o r  a 
s y m m e t r i c a l  e l u t i o n  c u r v e  i s  /u3 = 0 ,  f o r  a t a i l e d  

e l u t i o n  c u r v e  t h e  v a l u e  o f  

e l u t i o n  c u r v e  w i t h  a f r o n t i n g  i t  i s  n e g a t i v e .  

i s  p o s i t i v e  and f o r  a n  
P 3  

I n  a d d i t i o n ,  n o r m a l i z e d  p a r a m e t e r s  were d e f i n e d ,  

m a k i n g  i t  p o s s i b l e  t o  d e s c r i b e  q u a n t i t a t i v e l y  t h e  

shapes o f  t h e  e l u t i o n  c u r v e s  and  t h e i r  m u t u a l  

c o r r e l a t i o n s  even  i n  s u c h  cases  when t h e y  were 

o b t a i n e d  u n d e r  d i f f e r e n t  c o n d i t i o n s .  P a r a m e t e r  d e s i g -  

n a t e d  ( 4 )  asymmetry  A i s  d e f i n e d  b y  t h e  r e l a t i o n s h i p  

Asymmetry A i s  i n  f o r m a l  a n a l o g y  w i t h  t h e  r e c i p r o c a l  

v a l u e  o f  t h e  t h e o r e t i c a l  p l a t e  number,  N, w h i c h  c a n  

be e x p r e s s e d  i n  a s i m i l a r  manner 

Skew p a r a m e t e r ,  Y , can be d e f i n e d  b y  a n a l o g y  ( 6 )  

y = / 3 / 2  u / u1.5 

A s e r i e s  o f  t h e  v a l u e s  o f  asymmetry  A o f  e l u t i o n  

c u r v e s  was c a l c u l a t e d  ( 4 )  n u m e r i c a l l y  f o r  g i v e n  

e f f i c i e n c i e s  o f  t h e  c h r o m a t o g r a p h i c  s y s t e m ,  c h a r a c -  

t e r i z e d  by t h e  number of t h e o r e t i c a l  p l a t e s ,  N. 
The r e s u l t i n g  v a l u e s  o f  asymmetry  A were c o r r e l a t e d  

w i t h  t h e  e f f i c i e n c i e s ,  N, and t h e  f o l l o w i n g  

r e l a t i o n s h i p  (4 )  was o b t a i n e d  b y  u s i n g  t h e  l i n e a r  

r e g r e s s i o n  method.  
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1612 JANCA 

The v a l u e s  o b t a i n e d  f o r  c o n s t a n t s  c1 and c2 were 

2.86816... and 1.99497..., r e s p e c t i v e l y .  The a c h i e v e d  

r e g r e s s i o n  c o e f f i c i e n t ,  e x p r e s s i n g  t h e  r e l i a b i l i t y  o f  

t h e  c a l c u l a t e d  c o r r e l a t i o n ,  was h i g h ;  r = 0,999997.  

F o r  p r a c t i c a l  a p p l i c a t i o n s  t h e  use of t h e  

a p p r o x i m a t i v e  r e l a t i o n s h i p  w i l l  be f e a s i b l e  

A = 3 N-2 

C o r r e l a t i o n  be tween  t h e  v a l u e s  o f  and N l e d  t o  t h e  

r e l a  t i o n s h i p  ( 4 )  

y = c1 NmC3 

where c1 = 2.86816.. . ,  c 3  = 0.49497... w i t h  r e g r e s s i o n  

c o e f f i c i e n t  r = 0.99994. The q u a n t i t a t i v e  d e s c r i p t i o n  

o f  t h e  shapes o f  e l u t i o n  c u r v e s  w i t h  t h e  a i d  o f  t h e  

above p a r a m e t e r s ,  based  o n  t h e  s t a t i s t i c a l  moments,  

can be r a t h e r  d i f f i c u l t  i n  some c a s e s  o f  p r a c t i c a l  

a p p l i c a t i o n s .  I n  o r d e r  t o  o b t a i n  a s u f f i c i e n t  

p r e c i s i o n  i n  t h e  d e t e r m i n a t i o n  o f  t h e  v a l u e s  o f  A ,  

N o r  y , i t  i s  n e c e s s a r y  t h a t  e x p e r i m e n t a l  ch romato -  

grams s h o u l d  be r e a d  f a i r l y  p r e c i s e l y  p a r t i c u l a r l y  

i n  b o t h  o f  t h e i r  e x t r e m e  p a r t s .  The use  o f  e l u t i o n  

c u r v e  i n  d i g i t a l  f o r m ,  o b t a i n e d  w i t h  t h e  a i d  o f  a 

c o n v e r t e r  o f  a n a l o g u e  o u t p u t  s i g n a l  o f  t h e  

d i f f e r e n t i a l  d e t e c t o r  i s  a d v a n t a g e o u s .  Sometimes t h e  

use o f  s l o p e  a n a l y s i s  may be more b e n e f i c i a l  f o r  

b o t h  e v a l u a t i o n  o f  t h e  e f f i c i e n c y  o f  t h e  ch romato -  

g r a p h i c  sys tem.  c h a r a c t e r i z e d  b y  p a r a m e t e r  N, and  

t h e  e v a l u a t i o n  o f  t h e  asymmetry  o f  t h e  e l u t i o n  c u r v e  

o b t a i n e d .  G r a p h i c a l  e v a l u a t i o n  o f  t h e  chromatogram 

i s  a l s o  used  f o r  t h i s  p u r p o s e .  I n  o r d e r  t o  c a l c u l a t e  

t h e  asymmet ry ,  t h e  s l o p e  o f  t h e  t a n g e n t  v a l u e s  a t  t h e  

p o i n t s  o f  i n f l e x i o n  o f  t h e  f r o n t a l  and back  p a r t s  o f  
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ASYMMETRY OF THE ELUTION CURVE 1613 

t h e  e l u t i o n  c u r v e  a r e  u t i l i z e d .  T h i s  q u a n t i t y  w i l l  be 

d e s i g n a t e d  a s  s l o p e  asymmetry  SA 

a sE3 I ’B I 
SF SF b 

) = (1 - -) ( 1 5 )  SA = (1 + -) = (1 - - 

where SF i s  t h e  s l o p e  o f  t h e  t a n g e n t  a t  t h e  p o i n t  of  

i n f l e x i o n  o f  t h e  e l u t i o n  c u r v e  f r o n t  and  SB i s  t h e  

s l o p e  o f  t h e  t a n g e n t  a t  t h e  p o i n t  of i n f l e x i o n  o f  t h e  

e l u t i o n  c u r v e  b a c k .  T h i s  e v a l u a t i o n  may b e  c a r r i e d  

o u t  g r a p h i c a l l y  i n  t h e  manner d e m o n s t r a t e d  i n  F i g .  1. 

FIGURE 1. 

G r a p h i c a l  e v a l u a t i o n  of t h e  s l o p e  asymmet ry  of t h e  

e l u t i o n  c u r v e  
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1614 JANCA 

F o r  s l o p e  a n a l y s i s  one needs t o  Iknow t h e  s l o p e s  

o f  t a n g e n t s  a t  t h e  p o i n t s  o f  i n f l e x i o n  o f  t h e  e l u t i o n  

c u r v e .  F i r s t  t h e  p o s i t i o n s  o f  t h e s e  p o i n t s  o f  i n f l e x -  

i o n  i n  T c o o r d i n a t e  must be f o u n d .  T h i s  can b e  

e f f e c t u a t e d  b y  mak ing  t h e  second d e r i v a t i v e  o f  

f u n c t i o n  F ( 1 , T )  e q u a l  t o  z e r o ,  hence 

d2 F ( 1 , T ) / ( d T ) 2  = 0 

By d i f f e r e n t i a t i n g  i t  i s  o b t a i n e d  

1 1 1 
F ( l , T ) ( ( -  - - - 

2!ITT 2T 

I t  h o l d s  a t  t h e  p o i n t s  o f  i n f l e x i o n  t h a t  F(1,T) # 0 

and t h u s  a f t e r  t h e  r e a r r a n g e m e n t  i t  i s  o b t a i n e d  t h a t  

T4 + 25:T3 + (31; - 2 ) T 2  - 65:T + 1 = 0 ( 1 8 )  

F o r  c o o r d i n a t e s  T of. t h e  p o i n t s  o f  i n f l e x i o n ,  c a l c u -  

l a t e d  b y  u s i n g  Eqn. 1 8 ,  t h e  s l o p e s  o f  t h e  e l u t i o n  

c u r v e  a r e  f o u n d  f rom t h e  f i r s t  d e r i v a t i v e  o f  f u n c t i o n  

F ( 1  , T )  

( 1 9 )  
d F ( l , T ) / d T  = F ( 1 , T ) ( 1 / 2 C T T  2 2  ) (1 -T2 -  {:T) 

By c o r r e l a t i o n  a n a l y s i s  o f  t h e  s e t  o f  A and  SA v a l u e s ,  

o b t a i n e d  by c a l c u l a t i o n  f o r  d i f f e r e n t  v a l u e s  o f  t h e  

e f f i c i e n c i e s  o f  c h r o m a t o g r a p h i c  sys tems  i t  was f o u n d  

t h a t  
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ASYMMETRY OF THE ELUTION CURVE 1615 

N u m e r i c a l  v a l u e s  o f  c o n s t a n t s  a r e  c4 = 1.140018 and  

c5 = 0 .234163 ..., w i t h  t h e  r e g r e s s i o n  c o e f f i c i e n t  

b e i n g  r = 0 .9991 .  Eqn. 2 0  can a g a i n  be r e p l a c e d  f o r  

p r a c t i c a l  a p p l i c a t i o n  w i t h  t h e  a p p r o x i m a t i v e  

r e l a  t i o n s h i p  

SA = 1.1 4& 

A l t h o u g h  c o n s t a n t s  cn a r e  n o t  i n t e g e r s  and t h e  

p r o c e d u r e  f o r  t h e i r  d e t e r m i n a t i o n  was based on 
n u m e r i c a l  me thods ,  t h e  e q u a t i o n s  o b t a i n e d  have  t h e  

mean ing  o f  a f u n d a m e n t a l  r e l a t i o n s h i p  b e t w e e n  t h e  

e f f i c i e n c y  o f  t h e  c h r o m a t o g r a p h i c  sys tem and t h e  

c o n t r i b u t i o n  t o  t h e  shape o r  asymmetry  o f  t h e  

e l u t i o n  c u r v e .  The r e l i a b i l i t y  o f  t h e  c o n s t a n t s  

o b t a i n e d ,  e x p r e s s e d  i n  t e r m s  o f  r e g r e s s i o n  

c o e f f i c i e n t  r ,  a p p r o a c h i n g  u n i t y ,  i n d i c a t e s  

j u s t i f i c a t i o n  o f  t h i s  s t a t e m e n t .  

The above c a l c u l a t i o n s  were based  on t h e  

i n i t i a l  a s s u m p t i o n  t h a t  t h e  i n j e c t i o n  f u n c t i o n  has  

a z e r o  w i d t h  and t h a t  t h e  sys tem o f  s e p a r a t i o n  co lumns  

a c t s  a s  a G a u s s i a n  o p e r a t o r .  T h i s  a p p r o x i m a t i o n  i s  

a d o p t e d  i n  t h e  case o f  SEC when, e .g . ,  c o r r e c t i o n  o f  

m o l e c u l a r - w e i g h t  d i s t r i b u t i o n  f o r  a l o n g i t u d i n a l  

s p r e a d i n g  i s  p e r f o r m e d  b y  s o l v i n g  a c o n v o l u t i o n  i n t e g r a l  

t h e  r o o t  o f  w h i c h  i s  a G a u s s i a n  d i s t r i b u t i o n  f u n c t i o n .  

S o l u t i o n  f o r  a G e n e r a l  D i s p e r s i o n  M o d e l  o f  t h e  

C o n c e n t r a t i o n  P r o f i l e  

S t a r t i n g  f r o m  a g e n e r a l  mass b a l a n c e  o f  t h e  

i n f i n i t e s i m a l  segment o f  t h e  s e p a r a t i o n  co lumn w h i c h  

can  be c o n s i d e r e d  homogeneous f rom t h e  v i e w p o i n t  of 
d i s p e r s i o n  c h a r a c t e r i s t i c s  we can  w r i t e  
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1616 JANCA 

where C i s  a d i m e n s i o n l e s s  q u a n t i t y ,  C = c / c o ,  where 

c i s  t h e  a c t u a l  c o n c e n t r a t i o n ,  c o  i s  t h e  c o n c e n t r a t i o n  

a t  t h e  co lumn i n l e t  a t  t h e  moment of i n j e c t i o n  and 

Pe = ul/D, i s  P e c l e t ’ s  number,  u is t h e  l i n e a r  v e l o c -  

i t y  o f  t h e  m o b i l e  phase and  Dm i s  t h e  d i f f u s i o n  

c o e f f i c i e n t  o f  t h e  s o l u t e  i n  t h e  m o b i l e  p h a s e .  Eqn. 22 

can be s o l v e d  w i t h  t h e  b o u n d a r y  c o n d i t i o n s  

C(L,O) = 0 L i z  0 ( 2 3  1 

and f o r  t h e  i n j e c t i o n  6 - f u n c t i o n  

F o r  a bounded s o l u t i o n  o f  f u n c t i o n  C ( L , T )  i t  must  

f u r t h e r  h o l d  

C ( L , T ) E  < 0, +a> L 2 0  ( 2 5 )  

The known s o l u t i o n  i s  o b t a i n e d  b y  e m p l o y i n g  t h e  L a p l a c e  

t r a n s f o r m a t i o n  

LVFe Pe 

2 T m  4T 
C(L ,T )  = - exp ( -  - 

The n - t h  d e r i v a t i v e  o f  t h e  L a p l a c e  t r a n s f o r m  is e q u a l  

t o  t h e  n- th  s t a t i s t i c a l  moment o f  t h e  f u n c t i o n  w i t h  

t h e  v a r i a b l e s  o f  t h e  t r a n s f o r m a t i o n  a p p r o a c h i n g  z e r o .  

T h i s  f a c t  can f o r m a l l y  be e x p r e s s e d  b y  t h e  r e l a t i o n -  

s h i p  
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ASYMMETRY OF THE ELUTION CURVE 1617 

’ = l i m  ( ( - l ) n  [ d n r ( p ) / d p n ]  r ( p ) - ’  ) ( 2 7 )  
/ U n  P - t O  

where t h e  L a p l a c e  t r a n s f o r m a t i o n  F ( p )  of  t h e  f u n c t i o n  

C ( 1 , T )  i s  d e f i n e d  b y  t h e  r e l a t i o n s h i p  

OD 

( 2 8 )  
- 
C ( p )  = I e x p  ( - p T ) F ( l , T ) d T  

0 
By s o l v i n g  Eqn. 27 f o r  f u n c t i o n  C ( l , T ) ,  t h e  moments 

a r e  o b t a i n e d  
W OD 

= I C(1 ,T )T  dT/ l C ( 1 , T ) d T  = 1 

0 0 
where 

W 

] C ( l , T ) d T  = 1 

0 
Hence f o r  t h e  second  and t h e  t h i r d  c e n t r a l  moments 

i t  i s  o b t a i n e d  

OD 03 

( 3 1 )  
= l C ( l , T ) ( T - l )  2 dT = I C ( 1 , T ) T  2 dT-1 = 2/Pe 

/u3  = C ( l  , T ) ( T - 1 ) 3 d T  = I 
/ u2 

0 0 
OD OD 

C ( l  , T ) T  3 dT-6/Pe- l=16/Pe 2 ( 3 2 )  

0 0 
By s u b s t i t u t i n g  f r o m  Eqns.  29-32 t o  d e f i n i t i o n  r e l a t i o n -  

s h i p s  9-11, t h e  p r e c i s e  r e l a t i o n s  a r e  o b t a i n e d  

and 

A = 4N” 

-0 .5 ’(= 4N 

( 3 3 )  

(34) 

F o r  s l o p e  a n a l y s i s  t h e  second d e r i v a t i v e  o f  t h e  f u n c t i o n  

C ( 1  ,T )  
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1618 JANCA 

d 2 c ( 1 ’ T )  = C ( I , T ) ( z  P e  - - 5 ~ e  
3 + ( -  - 

d T 2  4 T  4 8 T  4 T  16 

m u s t  a g a i n  b e  k n o w n .  
AS a t  t h e  p o i n t s  o f  i n f l e x i o n  i t  holds t h a t  

C ( 1 , T )  # 0 ,  a f t e r  t h e  r e a r r a n g e m e n t  i t  i s  o b t a i n e d  
t h a t  

( 3 6 )  
60 2 0 T  

P e  P e  P e  
+ (7- 2 ) T 2  - - t 1 = 0 4 1 2 ~ ~  T + -  

C o o r d i n a t e s  o f  t h e  p o i n t s  o f  i n f l e x i o n  a r e  o b t a i n e d  
b y  s o l v i n g  E q n .  36. T h e  s l o p e s  o f  t a n g e n t s  a t  t h e s e  
p o i n t s  o f  i n f l e x i o n  a r e  o b t a i n e d  from t h e  f i r s t  
d e r i v a t i v e  of t h e  f u n c t i o n  C ( 1 , T )  

H e n c e  f o r  t h e  r e l a t i o n s h i p  b e t w e e n  SA a n d  A i t  i s  

f i n a l l y  v a l i d  

2 2 2- 3TB&2TB 
e x p (  -’ - ( -  l + T B  - - l t T F ) )  

6 T  B T F  

S A = l +  

CONCLUSIONS 

I t  f o l l o w s  f r o m  t h e  a b o v e  r e s u l t s  t h a t  t h e  r e l a t i o n  
b e t w e e n  t h e  s h a p e s  o f  t h e  e l u t i o n  c u r v e  a n d  o f  t h e  
c o n c e n t r a t i o n  p r o f i l e  i s  g i v e n  by  a s i m p l e  d e p e n d e n c e  
o f  t h e  c o n t r i b u t i o n  t o  t h e  e l u t i o n  cu rve  a s y m m e t r y  o n  
t h e  e f f i c i e n c y  o f  t h e  c h r o m a t o g r a p h i c  s y s t e m .  A d d i -  
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t i o n a l l y  i t  can  be s t a t e d  t h a t  s l o p e  asymmetry  p a r a -  

m e t e r ,  SA, a s  d e f i n e d ,  shows an o b v i o u s  and p r e c i s e  

f u n c t i o n a l  dependence on t h e  o b j e c t i v e  asymmet ry  

pa ra rne te r ,A ,  d e f i n e d  on t h e  b a s i s  o f  t h e  s t a t i s t i c a l  

moments. T h i s  i m p o r t a n t  f i n d i n g  p e r m i t s  a s i m p l e  

e v a l u a t i o n  o f  a n  e x p e r i m e n t a l  chromatogram ( a l s o  b y  

g r a p h i c a l  me thod)  i n  an o b j e c t i v e  manner,  i . e . ,  b y  

means o f  t h e  p a r a m e t e r  w h i c h  h a s  n o t  ( i n  c o n t r a s t  

t o  d i f f e r e n t  g r a p h i c a l  methods used t i l l  now) o n l y  a n  

e m p i r i c a l  d e f i n i t i o n  c h a r a c t e r .  The use o f  SA f o r  t h e  

e v a l u a t i o n  o f  t h e  e l u t i o n  c u r v e  asymmetry  w i l l  be 

n e c e s s a r y  p a r t i c u l a r l y  i n  t h o s e  c a s e s  when t h e  

i n t e g r a t i o n  o f  t h e  chromatogram i n  b o t h  m a r g i n a l  

r e g i o n s ,  r e q u i r e d  f o r  t h e  c a l c u l a t i o n  o f  t h e  

s t a t i s t i c a l  moments, w o u l d ,  w i t h  r e s p e c t  t o  a g i v e n  

chromatogram, b r i n g  a b o u t  s u b s t a n t i a l  i n a c c u r a c i e s  

i n t o  t h e  c a l c u l a t i o n  o f  t h e  t h i r d  c e n t r a l  moment, 

and wou ld  t h u s  make t h e  a c c u r a c y  o f  t h e  r e s u l t i n g  

v a l u e  o f  A d o u b t f u l .  
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